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Question 1 [15 marks} 


(a) Suppose that xa + yb = 70, where x, y, a, and 6 are integers. What are the possible 


values of (a,b)? 


(b) Use the Euclidean algorithm to find the greatest common divisor of 70 and 91, and 


write it in the form 702 + 91y where x and y are integers. 


(c) Determine, for each of the following linear Diophantine equations, whether there are 


solutions and find all solutions if they exist. 


(i) 70x + 91y = 35: 


(ii) 70x + 9ly = 37. 


(d) Euclid’s Second Theorem states that there are infinitely many primes. Prove the 


theorem. 


Question 2 [20 marks} 


(a) Calculate 20197°'? modulo 101. 


(b) Prove that an integer a is divisible by 11 if and only if the alternating sum of its 
digits is divisible by 11. 


(c) Determine, for each of the following linear congruences, whether there are solutions 


and find all solutions if they exist. 


i) 54 = 2 (mod 10), ii) 62 = 3 (mod 9). 


(d) Solve the following system of linear congruences. Check your solution. 


x = 1 (mod 3) 
x = 2 (mod 4) 
x = 0 (mod 49). 


(e) Set up a round-robin tournament schedule for 5 teams. 
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Question 3 [20 marks} 


(a) Give the definition of a multiplicative function. Is it a true statement that ¢(7-91) = 
(7) - @(91)? Here ¢(n) is the Euler’s phi function. Explain your answer. 


(b) Find (100, 000). 
(c) Use Fermat’s Little Theorem to calculate 121° (mod 17). 


(d) Bob uses the RSA Cipher system for enciphering. He chose the modulo n = 43-59 = 
2537 and the enciphering key e = 5. 


(i) Bob enciphers the message 0020. What is the corresponding cipher-text? 


(ii) How does he calculate the deciphering key d? Write out the congruence and 


solve it. 


Question 4 [15 marks| 


(a) Find the order of the integers 2 and 10 modulo 11. 

(b) Find ord,,1 and ord,,(m — 1) for (i) m = 2 and (ii) m > 2. 

(c) Give a definition of a primitive root for m. Verify that 2 is a primitive root modulo 
5 and that the powers 2°, 1 < k < 4, form a reduced residue system modulo 5. Find 
the index of 3 to the base 2. 

Question 5 [15 marks} 
(a) Find all solutions of the quadratic congruence x? + x + 1 = 0 (mod 3). 
3 
(b) State Euler’s Criterion. Use Euler’s Criterion to evaluate (2). Determine whether 


there is any solution to the congruence equation x? = 3 (mod 5). 


5 
(c) State the Law of Quadratic Reciprocity. Use this law to calculate (sar) 
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Question 6 [15 marks} 


(a) Give the definition of a primitive Pythagorean triple. Prove that if x, y, z is a 


primitive Pythagorean triple, then (x, y) = (y,z) = (#,z) =1. 


(b) Prove that the Diophantine equation x? — py? = 0 has no integer solutions for p 


prime. Deduce that ,/p is irrational for any prime p. 


(c) Prove that if n = 3 (mod4) then n cannot be written as the sum of two squares. 


Please remember — This examination question paper MUST BE HANDED IN. 
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